It is pointed out that if we assume a flavor symmetry (including a discrete symmetry) in order to understand the observed quark and lepton masses and mixing matrices, the requirement of the symmetry leads to an unwelcome form of the CKM matrix which contradicts the observed one, even if we can obtain reasonable mass spectra for the up-and down-quark sectors under the symmetry. The same situation is caused in the neutrino mixing matrix.
1.
A popular idea to understand the observed quark and lepton mass spectra and mixing matrices is to assume a flavor symmetry which puts constraints on the Yukawa coupling constants. Since the observed mass spectra of the up-and down-quarks are very different from each other and the observed the Cabibbo-Kobayashi-Maskawa [1] (CKM) quark mixing matrix V q sizably deviates from a unit matrix, it is usually considered that the flavor symmetry is badly broken. However, even in a broken symmetry, it will be meaningful to consider the symmetry limit. Especially, it is interesting to assume that, of such flavor symmetries, some one (a discrete symmetry, a U(1) symmetry, and so on) survives as an unbroken symmetry until the SU(2) L symmetry is broken at a low energy scale µ ∼ 10 2 GeV. It should be noted that even if we consider such an unbroken symmetry, we generally can take different mass matrix forms from each other for the up-and down-quark (lepton) sectors (we can choose different parameter values). Therefore, it is usually understood that such a requirement of the symmetry does not bring any serious trouble into the model. However, in the present paper, we will point out that the requirement brings a serious trouble into the CKM quark mixing matrix
[and also the Maki-Nakagawa-Sakata [2] (MNS) lepton mixing matrix
, even if only a symmetry survives, and even if we can obtain reasonable quark and lepton mass spectra under the symmetry.
For example, let us consider that the up-and down-quark fields transform under a flavor symmetry as
If the Lagrangian is invariant under the transformation (1), the Yukawa coupling constants Y u and Y d must satisfy the relations 
Therefore, the up-and down-quark mass matrices
independently of U u XR and U d XR . Similar situation is required in the lepton sectors. Although, some times, in the basis where the charged lepton mass matrix M e is diagonal (i.e. M e = D e ≡ diag(m e , m µ , m τ )), a "symmetry" for the neutrino mass matrix M ν is investigated, such a prescription cannot be regarded as a field theoretical symmetry. For example, when we assume a permutation symmetry between neutrinos ν L2 and ν L3 , we can obtain a nearly bimaximal mixing [3] . However, the symmetry is applied only to neutrino sector M ν , and not to the charged lepton sector M e = D e . Therefore, we cannot regard this 2 ↔ 3 permutation rule as a "symmetry" in the field theoretical meaning, because it is badly broken the SU(2) L symmetry.
In the lepton sectors, we must consider that under the transformations
the Yukawa coupling constants which are defined by
In other words, the mass matrices M e M † e and M ν are invariant under the transformation U X as
independently of the forms U ν XR and U e XR , where we assumed the seesaw mechanism [4] 
(Even when we do not assume the seesaw mechanism, as long as the effective neutrino mass matrix is given by ν L M ν ν c L , the mass matrix must obey the constraint (8) .) Note that the constraints (4) [and also (7) and (8) (4) [and also (7) and (8)] will put very strong constraints on the CKM mixing matrix
The purpose of the present paper is to see whether it is possible or not to consider such the flavor symmetry without an SU(2) L symmetry breaking. Of course, further conditions
will give more strict constraints on the mass matrices M f . However, even apart form such an additional constraint, by using only the constraints (4), (7) and (8), we will obtain a severe conclusion that such a symmetry cannot lead to the observed CKM mixing matrix V q and MNS mixing matrix U ℓ .
2. First, we investigate relations in the quark sectors under the conditions (4). Since we can rewrite the left hand of Eq. (9) by using Eq. (4) as
for f = u, d, we obtain the relation
where
Therefore, the matrix U f X which satisfies Eq. (13) must be a diagonal matrix with a form
unless the masses are not degenerated. Therefore, from (14), we obtain
which leads to a constraint on the CKM matrix
The constraint (17) (i.e.
Only when δ
do not consider such a case. Therefore, from the requirement (17), we cannot consider such a case as all elements of V q are not zero. For example, if we can take (V q ) ii = 0 for i = 1, 2, 3 by taking δ
we must choose, at least, one of δ i differently from others, we obtain a mixing matrix between only two families, e.g.
Thus, for any choice of δ u i and δ d j , the condition (18) cannot lead to the observed CKM mixing matrix. For the lepton sectors, the situation is the same. From Eqs. (8) and (10), we obtain the constraint
Again, if we assume that the neutrino masses are not degenerated, we obtain that the matrix U ν X must be diagonal, and it is given by
because the constraint (20) leads to
where we have put (U ℓ ) ij = |(U ℓ ) ij |e iφij . Here, differently from the matrix (15), the phases δ (14) and (21), we obtain
so that the MNS matrix
i.e.
(e
Again, only when δ e i = δ ν j , we can obtain (U ℓ ) ij = 0, and we cannot consider a case in which all elements of U ℓ are not zero. We only obtain a mixing matrix between two families. Thus, the requirements (4) [and also (7) and (8)] lead to a serious trouble in the CKM matrix V q (the MNS matrix U ℓ ), even if we can suitably give the observed mass spectra.
If we consider a U(1) charge model, we cannot assign different charges to u Li and d Li [and also to to ν Li and e Li ], so that we must take the operator U X as
In this case, since the Higgs scalars H u and H d can have different charges, M u and M d can have different phases for the transformation. However, since the additional phases are common for all flavors, the conclusion (18) is essentially unchanged. In order to escape the conclusion (18) [and also the conclusion (26)], we may consider a case with U u XL = U d XL . However, such a transformation breaks SU(2) L , so that it is highly unrealistic. The most excusable way is to consider that there is no flavor symmetry which is exact at high energy scale, and the "flavor symmetry" must explicitly be broken from the beginning. Then, the requirements (4), (7) and (8) are only approximate relations, so that the relation (13) and (20) are not exact. Therefore, we can escape from the severe conclusions (18) and (26). Although such a scenario with an explicitly broken flavor symmetry is not elegant, it may be accepted in a time of the model-building from the practical point of view. However, now, it is important to give a mechanism of the symmetry breaking explicitly. Or, the model becomes merely a model based on an optimistic conjecture.
3. In order to seek for a clue to a possible symmetry breaking, let us go on a phenomenological study.
Since the observed neutrino data [5, 6, 7, 8] 
or
where c = cos θ and s = sin θ. (Again, each element must be real.) Therefore, we must check the relation
with the forms of (28) and (29) of U ν X , instead of (22). Now, we explicitly calculate
† by using a general form of U ℓ
where 
and P M is a Majorana phase matrix
For the case with the form (28) of U ν X , we obtain 
where φ = β − α. If c 13 = 0, there is no solution which gives zeros for all the elements (34) - (36), except for a trivial solution with c = 1 (i.e. U X = 1). If c 13 = 0, there is a solution for suitable choice of φ and δ, and then, the matrix V takes the form
Of course, the form (37) is ruled out. Thus, the case (28) cannot lead to any interesting form of U ℓ . On the other hand, for the case (29), we obtain 
The case can lead to a non-trivial solution for s 13 = 0, φ = β − α = 0 and
i.e. 
It should be noted that in the limit of m ν1 = m ν2 , the Majorana phases in P M must be α = β. The form (42) contains a nearly bimaximal mixing, so that the case (29) is worth taking into consideration.
(However, at present, the parameters s 12 and s 23 are free.) Note that the case (29) satisfies (U ν X ) 2 = 1, so that the flavor transformation U X also satisfies
This suggests that an approximate flavor symmetry in the lepton sectors is a discrete symmetry Z 2 . Inversely, for the neutrino mass spectra with m ν1 = m ν2 , if we take the operator
which leads to
where the symmetry breaking term B is given by
The matrix B is rewritten as
by using the relation
† and the constraint (41). Of course, the result (45) shows that in the limit of m ν1 = m ν2 and/or s = 0, the operation U X becomes that of the exact symmetry. The forms (46) and (47) of the symmetry breaking term will give a clue to a possible form of the flavor symmetry breaking. However, in order to fix the values of s 23 and s 12 (or s), we must put a further assumption. In the present paper, we do not give such a speculation any more.
If we apply the similar discussion to the quark sector in the limit of m d = m s , we can obtain |V ub | = 0. This may be taken as the reason of |V ub | 2 ≪ |V cb | 2 , |V us | 2 .
4. In conclusion, we have noticed that when we investigate a flavor symmetry, we must use the same operation U X simultaneously for the up-quarks u Li and down-quarks d Li (and also for the charged leptons e Li and neutrinos ν Li ), and we have demonstrated that the existence of such an operation without an SU(2) L breaking leads to unwelcome forms of the CKM mixing matrix
† U ν L , even if it is only a loose one, and even if we can obtain reasonable mass spectra.
If there is no symmetry breaking term in the original Lagrangian, even if we take the renormalization group equation (RGE) effects into consideration, the relations (4), (7) and (8) are still unchanged. Even if it is any type of the flavor symmetry, the symmetry must be completely broken.
However, if masses m ν1 and m ν2 (m d1 and m d2 ) are degenerated, we can obtain U ℓ with (U ℓ ) 13 = 0 [V q with (V q ) ub = 0]. This suggests that the observed facts [9, 10] (U ℓ ) 13 ≃ 0 and (V q ) ub ≃ 0 are related to m ν2 − m ν1 ≃ 0 and m s − m d ≃ 0, respectively. Then, it should be noted that the operator U X satisfies U 2 X = 1. The forms (46) and (47) of the symmetry breaking term will give a clue to a possible form of the flavor symmetry breaking.
